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MEASURING POSITION AND MOMENTUM TOGETHER
PAUL BUSCH, JUKKA KIUKAS, AND PEKKA LAHTI
Abstrat. We desribe an operational sheme for determining both the position and momen-
tum distributions in a large lass of quantum states, together with an experimental implemen-
tation.
PACS numbers: 03.65.-w, 03.65.Ta, 03.65.Wj, 03.67.-a
The basi understanding of quantum mehanis asserts that due to their nonommutativity,
position and momentum of a quantum objet annot be measured together in any state. It is
an equally well known fat that these observables an be approximately measured together if
the measurement auraies fulll an appropriate trade-o relation. Muh eort has gone into
obtaining rigorous formulations of these fats; for a reent overview see, for instane, [1℄.
In this paper we wish to point out that there are measurement shemes whih allow one to
determine both the position and the momentum distributions from the statistis of a single
measurement: in this sense the position and momentum of a quantum objet an, after all, be
measured together.
Tehnially, this observation builds on the well-known properties of some ovariant phase
spae observables, suh as the Husimi Q-funtion. The measurement in question an then be
implemented via eight-port homodyne detetion. Therefore, the idea is ompletely realisti.
The struture of ovariant phase spae observables is well-known. If S is a positive operator
of trae one (ating on the Hilbert spae H of the quantum objet), and Wqp, (q, p) ∈ R2, are
the Weyl operators assoiated with the position and momentum operators Q and P , then the
operators
GS(Z) =
1
2pi
∫
Z
Wqp SW
∗
qpdqdp,
(with the integral being dened in the sense of the weak operator topology) onstitute a ovari-
ant phase spae observable GS (dened on the Borel subsets of the phase spae R2). Conversely,
any ovariant phase spae observable is of that form for some S [2℄. If the generating opera-
tor S is the vauum state |0〉, then the probability distribution Z 7→ GSρ (Z) ≡ Tr[ρGS(Z)] =
Tr[ρG|0〉(Z)] is the Husimi distribution of the state (density operator) ρ.
We are going to show that for a ertain family of operators S the phase spae observable
GS entails omplete information about the position and momentum observables: that is, the
spetral measures of Q and P an be determined from GS. This is done by using the moment
operators L(xk, GS) and L(yk, GS) of GS, whih are dened as follows (using the general theory
of operator integrals):
L(xk, GS) =
1
2pi
∫
R2
qkWqp SW
∗
qpdqdp,
L(yk, GS) =
1
2pi
∫
R2
pkWqp S W
∗
qpdqdp.
In general, it is very diult to determine the domains of these (unbounded) operators. How-
ever, the following is known [7, Theorem 4℄ (for a similar result, see [8℄): for any k ∈ N, if (and
only if) the operator Qk
√
S is a Hilbert-Shmidt operator, that is, Tr[SQ2k] <∞, then
(1) L(xk, GS) =
k∑
l=0
sQklQ
l, with sQkl =
(
k
l
)
(−1)k−lTr[Qk−lS],
1
and, similarly, if (and only if) the operator P k
√
S is a Hilbert-Shmidt operator, then
(2) L(yk, GS) =
k∑
l=0
sPklP
l, with sPkl =
(
k
l
)
(−1)k−lTr[P k−lS].
For any vetor state ϕ, the numbers 〈ϕ|L(xk, GS)ϕ〉 are the kth moments of the marginal
probability measure X 7→ 〈ϕ|GS(X × R)ϕ〉, and similarly for the numbers 〈ϕ|L(yk, GS)ϕ〉.
From Eq (1) one an easily determine any Qk in terms of the (operationally well dened)
moment operators L(xl, GS), l = 0, . . . k, and, similarly, eah P k in terms of the (operationally
well dened) moment operators L(yl, GS), l = 0, . . . k, from (2). More expliitly, onsider the
simple reursive transformation
(3) βk = αk −
k−1∑
l=0
sklβl, k ∈ N.
Putting αk = 〈ϕ|L(xk, GS)ϕ〉 and skl = sQkl yields βk = 〈ϕ|Qkϕ〉. (Note that sQkk = 1.) Similarly,
one gets the moments 〈ϕ|P kϕ〉 from the atual marginal moments 〈ϕ|L(yk, GS)ϕ〉. Therefore,
the numbers 〈ϕ|Qkϕ〉 and 〈ϕ|P kϕ〉 are just as operational as the atually measured moments
〈ϕ|L(xk, GS)ϕ〉 and 〈ϕ|L(yk, GS)ϕ〉, from whih they an be reonstruted via (3). But 〈ϕ|Qkϕ〉
and 〈ϕ|P kϕ〉 are the moments of the probability distributions pQϕ and pPϕ of the position and
momentum observables Q and P in the initial state ϕ. If ϕ is hosen to be, for example, a
linear ombination of Hermite funtions, the measures pQϕ and p
P
ϕ are exponentially bounded,
and, as suh, are uniquely determined by their respetive moment sequenes (〈ϕ|Qkϕ〉)k and
(〈ϕ|P kϕ〉)k [9, p. 406, Theorem 30.1℄. In this sense one is able to measure the nonommuting
observables Q and P simultaneously in suh a vetor state ϕ. Furthermore, sine the linear
ombinations of Hermite funtions are dense in L2(R), their assoiated distributions pQϕ and
pPϕ sue to determine the whole position and momentum observables Q and P (as spetral
measures).
The phase spae observablesGS, with the generating operator S being suh that Tr[WqpS] 6= 0
for almost all (q, p) ∈ R2, are informationally omplete: that is, the statistis GSρ determine
the state ρ of the quantum objet. Given the state ρ, the distributions of all observables are
then determined, inluding, in partiular, pQρ and p
P
ρ . In this sense one might argue that an
informationally omplete measurement serves as a measurement of any other observable of the
system. However, to our knowledge, there is no simple method to determine from the statistis
GSρ the statistis of another observable. An expliit reonstrution of the state typially requires
several dierent measurements, as is the ase with the usual tomographi methods.
In the present ase we are able to onstrut diretly and in simple operational terms (without
any use of the informational ompleteness) the moments of the distributions pQϕ and p
P
ϕ from the
statistis GSϕ for any state ϕ, and these moment sequenes identify, in turn, the distributions
themselves in the exponentially bounded ase.
It is useful to note that the moment sequene of, say, the momentum distribution does not, in
general, identify that distribution, even in ases where all the moments are nite. For example, if
ϕδ = (ϕ1+e
iδϕ2)/
√
2 is a double-slit state, that is, ϕ1, ϕ2 are (smooth) wave funtions supported
on disjoint intervals, then the moments 〈ϕδ|P kϕδ〉 of the momentum distribution pPϕδ are all
nite and independent of δ although the distribution does depend on δ. This highlights the
fat that the assumption of exponential boundedness is ruial in the above onsideration.
We also want to point out that the exponential boundedness ondition itself is operational,
sine it an, in priniple, be veried by onsidering the very moment sequene that is obtained
in the measurement. In fat, a probability measure with the moment sequene m1, m2, . . . is
exponentially bounded if and only if
(4) |mk| ≤ CRkk!, k = 1, 2, . . . ,
for some C,R > 0 (see e.g. the proof of Proposition 2 of [10℄).
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Experimental implementations of observables GS an be obtained in quantum optis. For
example, the Husimi Q-funtion of a single-mode signal eld an atually be measured by
the eight-port homodyne detetion tehnique, provided that the referene beam (used for the
homodyne detetion) is a very strong oherent eld so that it an be treated lassially; see
e.g. [11℄. In a reent paper it has been shown, without any lassiality assumptions, that any
ovariant phase spae observable GS an be realized as a high-amplitude limit of an eight-port
homodyne detetion observable hoosing the auxiliary parameter eld to be in the onjugated
state C−1SC [12℄.
In this measurement, the input signal eld, in state ρ, is mixed by a beam splitter with another
single-mode eld, the latter being in the referene state C−1SC. Eah of the two output beams
of the beam splitter are led to a homodyne detetor whih measures a eld quadrature. One
measures
1√
2
(a∗+a) and the other one 1√
2
i(b∗−b), where a and b are the annihilation operators
for the signal and the referene eld (in the Shrödinger piture). When this measurement is
interpreted with respet to the signal eld in the initial state ρ, the ombined statistis of the
homodyne detetors are given by the distribution (X, Y ) 7→ Tr[ρGS(X × Y )], where the Weyl
operators Wqp are now dened in terms of the signal eld quadratures Q :=
1√
2
(a∗ + a) and
P := 1√
2
i(a∗ − a).
By performing the measurement, one thus obtains two outomes, whih then are to be
interpreted with respet to the signal beam. Notie that the outomes for the two homodyne
detetors are obtained at the same time. Consequently, upon repeating the preparation and
the measurement, the statistis for the detetors are likewise reated simultaneously. After a
suitable statistial auray has been obtained, and the measurement is thus omplete, one
takes the statistis given by, say, detetor 1, omputes its moments αk, and alulates the
numbers βk using (3). The βk are now the moments of the distribution of Q, in the input
state of the signal eld. A similar proedure applied to detetor 2 yields the moments β ′k of
the distribution of P . One an then hek whether (4) holds for both the sequenes βk and
β ′k. If that is the ase, then it is justied to say that (the statistis of) the position- and
momentum-like observables Q and P have been measured together.
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